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1-2%\’
Exercise 4.2.3. Use two different methods to compute < ) .

Example 4.2.3. Suppose f(z) and g(z) are differentiable. Given f(1) = 1, f/(1) = 2,

g(1) =3, ¢’(1) = 4. Find the value of

- ((@)g())
atx = 1.

Solution. By the product rule

T U @ale)) = F@ot) + F2)g (@)

At z = 1, the above is

F(Dg(1) + F(1)g (1) =2 x 3+ 1 x 4 = 10.

Example 4.2.4. Suppose f(z), g(x), h(x) are differentiable. Compute

2 (F@@h))
Solution.
2 (F@)g()h(a)) = (F@)g(@)) ch(x) + h(r) o (7(x)(x)
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4.3 The Chain Rule

Theorem 6 (The Chain Rule).
If y= f(u) is a differentiable function of u,

u = g(x) is a differentiable function of x,

then the composite function y = f(g(x)) is a differentiable function of z, and

dy dydu A
&~ duds] €
or equivalently
dy Y /
22 = 1609 @)
How to understand? Q/g
Consider the difference quotient, % = & ~&, take limit as Az — 0. wﬁ,\h’m jani oy
Az Au Ay iufs ke simel "
\> 1 z‘)(ﬂd)' o \7" 4 .
Example 4.3.1. Compute: when We e 1R OQ“H"”“‘@ =
41 4oy, t fo7 0.

dx

Solution. Sety = f(u) = u® and(u = g(z) = 1 + 2x./Then f(g(x)) = (1 + 2x)°.
By chain rule,

f(u) = % = 5ut and g'(x) = % =2.
Hence dy @y du A A
dx ~lai gy~ 5L)@) = 100+ 200"
or dy

gz = (9(@)g' (@) = 1001 + 22)".
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Example 4.3.2. Compute:
d

—n//1 .
dz + Ve

Solution. Lety = f(u) = v/u, u = g(z) = 1+ /z. Then f(g(x)) = /1 + /z.

—_ = — = — d - = .
du 2" N N
Therefore
dy  dydu 1 1 1

dr — duldz) 2u2yz  4z/1+ vz

Remark. No need to write the fomulas f(u), g(z) when we are skillful, just remember to

differentiate layer by layer: outer than inner.
%&Z/w
For example,

g(x)
d 2019 2018
— 7)1 = 2019 v 1+e”
(@ +¢") ([ +e])™ (1+e)
outer inner

Example 4.3.3. Using (e”)’ = e” and chain rule, we can prove (¢*)' = a®Ina (a > 0).

o5 2

Proof. Note:

(Very useful technique!)

Then,



Chapter 4: Differentiation I 4-14

Example 4.3.4. Use product rule and chain rule to prove the quotient rule.
Proof. By product rule, we have

@) - r ey

9

/
For <1> ,lety = %, u = g(x), then b}l/cllﬁ(ﬁl rule,
g

Wy e 1
g) du dz gQ(m)g )

Therefore,
/ 1 ! /. !
(f) :fli_f%:fg 2fg.

g g g

Example 4.3.5. Compute
iev 2+

dx

Solution.

ny = eVaite, (\/J‘2 + ) (chain rule, y = e",u = V22 + )
x

1 .
= eVoite. 5(352 +2)72-(2c+1) (chain rule again, v = vw,w = z* + z)

o=

Exercise 4.3.1. Prove

dx

2. ]
i V=1 BRYS == (z—1)"2 - (x+1)"2.
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02@7,(% 0pply 4uo St
rule
4.3.1 Technique Using Logarithmic Differentiation Ve %XV@C’ "
my o %
Example 4.3.6. Prove
d 1
g nlel=g, 220 el TEal
/{'{V)Y — _L V\//hl/l/' X> €
Proof. Let A< %
Inz, ifz>0
y=Infz]=q—
{ln(—:c), ifz <0
o
Forxz >0 Z—y = E
o (era= -&
Forz <0 y L (1) = l (by chain rule) —% - dﬁw ! jl(,“_,
r —x x du AX 0
= L &K
2 T
sf(x—2)(z—3 . d
Example 4.3.7. If y = \/(x m)fvf) ) , then fin ﬁ = ~ 1 _ A?—(
[ " N
Solution. A ¥
[/w([ﬂ ): a /Qn_
(z=
Iny® = In a-b “ab
— \m—/\/ U\Z)&B)Wz p/”‘( 772 Ina +La
9 / @\12_% = 111(/\:2:-2)+21n(x— )‘ln(az——S) U= x=2
2 (Bdy L a(/%(/’l): dbny ds>
oK dx /t W o ¥ TM— PTs
= dbq 49 d _
e ) L + = 4
oY dx 3 x—2 “
- Sl d — ‘ = 1
SO dy li/(x—2)(x—3)2 1 2 1 2
de 3 T—95 :c—2+x—3 z—95
N -

/%HMMJ{MN' vl oop a0 QbML qﬁw\&hm fﬁ o
J%V\{]\ )V\j v TJM\(
(%-5) H 2 Y% @) ( UWM §>

“~—————
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Example 4.3.8. Compute the derivative of z*, x > 0.

- é@n@?(
Solution. Writéx¥ = e*"*, Let y = e and v = xInz. Then
TN
d «_ dydu
O D dz’ T dudz
dx dlnz
2 = e —
A \\ /y e(lnxdm—i-x T )
1
cnlts ¢ =e(lnx +2—)
e V-/C- =2"(Inz +1).
£ M (ol #
ot pormalre-
Lo £ n

_ -
% n WC t° E/;\s{'owl‘k

Exercise 4.3.2. Let y = f(2)9®). Prove yf = f(z)®) (g'(m) In f(x) + f/(w)g(a:))

A f(z)
fh]
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Chapter 5: Differentiation II

Learning Objectives:

(1) Use implicit differentiation to find slope.
(2) Discuss inverse function and its derivatives.
(3) Study the higher order derivative.

5.1 Differentiating Implicit Functions and Inverse Functions

5.1.1 Implicit functions

Example 5.1.1. Consider the circle’on the = — y plane defined by z? + % = 25. Find the
equation of the tangent line to the circle at (3,4).

Solution. Method 1. Express y in terms of = explicitly.

C
[f/&[(}/\/ﬁg\sc‘é l‘&y\—
un |am

2 +y? =25 =y=+V25-212 O/J ng(%

Restrict to a small neighbourhood of the point (3, 4) on the curve, y >(V/A can be uniquely

given by y = /25 — 22. V#) b T J\”mho}ﬂmf

o1 9= J5oe
soad = ~ixle
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so,
° S S N VP

<
|
|
[\]
Ut
\
3
=
»
SN
~
A

when z =3,y = —%. The equation of the tangent lineto the curve at (3,4) is
_— o
3
y—4=——(xr—3),
‘“/\/¥AAJ
= —§x+ 2
YT

Method 2. Implicit differentiation.

Regard y as a function y(z) without explicit formula. Differentiate both sides of 2432 =
25 with respect to z, and then solve algebraically for 2. T

d (y°)=0

2
x—i-dT,

d
22 + Qy% =0 (chain rule)

dy _ =z
de gy
So,
dy| = _ 3
ey 4

Then, find the tangent line in the same way as with Method 1.

Remark. Method 2 is referred to as implicit differentiation, which is very useful to compute
derivatives of functions not defined by explicit formulae.

Example 5.1.2. Let y = f(x) be a differentiable function of = that satisfies the equation
2%y + y? = 23. Find the derivative d—y
X

Solution. You are going to differentiate both sides of the given equation with respect to .
So that you will not forget that y is actually a function of z, temporarily use the alternative
notation f(x) for y, and begin by rewriting the equation as

2 f(z) + (f())* = 2°.
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Now differentiate both sides of this equation term by term with respect to x:

d d
2’ fl@) + (f(@))] = —[z°]
~ xQﬁ—i-f(x)i(xj) +2f(x)ﬁ = 32° '
dx dx dzx ’
Thus, we have
Y 4 fa)(an) + 2f(x)%; 32
~ 22+ 2f(x)}% = 32% - 2z2f(2) (5.2)
dy 322 — 22 f(x)
dv 22+ 2f(z)
Finally, replace f(x) by y to get
@ _ 3x?2 — 2y
de a2 +2y
|
Summary: Carrying out Implicit Differentiation
Suppose an equation defines y implicitly as a differentiable function of z. To find ;l—y:
X

1. Differentiate both sides of the equation with respect to x. Remember that y is really a
function of x, and use the chain rule when differentiating terms containing y.

2. Solve the differentiated equation algebraically for j—y in terms of x and y.
x

Example 5.1.3. Consider the curve defined by

23+ y3 = 9zy.

1. Compute @
dx.

2. Find the slope of the tangent line to the curve at (4, 2).

Solution. Starting with
23 4+ 93 = 9zy,

we apply the differential operator % to both sides of the equation to obtain

d g g _d
%(a: +y)—dx9a:y.
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Figure 5.1: A plot of 23 + y3 = 9xy. While this is not a function of y in terms of z, the
equation still defines a relation between x and y.

Applying the sum rule, we see that
d 5 d 5 d
%x + e @Qxy.
Let’s examine each of the terms above in turn. To begin,

d

%az?’ = 3z2.

d 5. . _

On the other hand, L is treated somewhat differently. Here, viewing y = y(z) as an

X
implicit function of =, we have by the chain rule that

L= L)y

=3(y(x))* -y (x)
= 3y2%.

d
Consider the final term d—(9xy). Regarding y = y(z) again as an implicit function, we have:
X

2 (owy) = 9L (2 y(a))

=9 (z-y/(2) +y(2))

d
= 9:1:—y + 9y.
dx

Putting all the above together, we get:

d d
322 + 3y2£ = 9xd—i + 9y.
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d
Now we solve the preceding equation for d—y Write
x
d d
322 + 3y2—y = 9x—y + 9y
dx dx
dy dy 2
3y*—> —9r—> = 9y — 3
Y dx :EdiL‘ g
d
= cTz (3y2 — 9x) =9y — 322
dy 9y—3z* 3y-—az?
y  9y—32° 3y—=z

dz ~ 3y2—9z y2 -3z

For the second part of the problem, we simply plug in x = 4 and y = 2 to the last

5
formula above to conclude that the slope of the tangent line to the curve at (4, 2) is T See
Figure 5.2. |

Figure 5.2: A plot of 23 + y3 = 92y along with the tangent line at (4, 2).

Example 5.1.4. Let L be the curve in the z — y plane defined by 22 + 3 + ¢® = 2. Use L

to implicitly define a function y = y(x). Find y/(x) at 2 = 1 and the tangent line to the curve
L at (1,0).

Solution. (Note: In this case, there is no good explicit formula for the function y(x).)
Differentiate the equation z* + y* + ¢®Y = 2 on both sides with respect to z. We get:

2¢ 4 2y + " (y +2y') =0,
, 2z 4+ ™y
2y + ez





